It is possible to characterize certain states of matter by properties of their edge states. This implies a notion of 'surface-only models': models which can only be regularized at the edge of a higher-dimensional system. After incorporating the fermion-doubling results of Nielsen and Ninomiya into this framework, we employ this idea to identify new obstructions to symmetry-preserving regulators of quantum field theory. We focus on an example which forbids regulated models of Maxwell theory with manifest electromagnetic duality symmetry.
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INTRODUCTION
This paper is about obstructions to symmetry-preserving regulators of quantum field theories (QFTs), in 3+1 spacetime dimensions. The most famous example of such an obstruction is the theorem of Nielsen and Ninomiya [1] [2] [3] [4] . The basic statement of this theorem forbids regularization of free fermions preserving chiral symmetry 1 . We will approach the study of such obstructions by thinking about certain states of matter, in one higher dimension, with an energy gap (i.e. the energy of the first excited state is strictly larger than the energy of the groundstate, even in thermodynamic limit). More precisely, we will study the low-energy effective field theories of such states; below the energy gap, these are topological field theories (TFTs) in 4 + 1 dimensions. Such states will be difficult to realize in the laboratory. We will use them to demonstrate an obstruction to any regularization of Maxwell theory which preserves manifest electric-magnetic duality.
To convey the idea of how the study of such extradimensional models can be useful for understanding the practical question of symmetry-preserving regulators of 3+1-dimensional QFTs, we must digress on the subject of realizations of symmetries in QFT and in condensed matter. A basic question in condensed matter physics is to enumerate the possible gapped phases of matter. Two gapped phases are equivalent if they are adiabatically connected (varying the parameters in the Hamiltonian whose ground state they are to get from one to the other, without closing the energy gap). An important possible distinguishing feature of different phases is how the symmetries of the Hamiltonian are realized. This leads to Landau's criterion which characterizes states by what symmetries of the Hamiltonian are broken by the groundstate. Considering this to be understood, it is interesting to refine the question to "How do we distinguish gapped phases that do not break any symmetries?"
A sophisticated answer to this question, vigorously advocated by Wen [5, 6] , is topological order. A phase with topological order can be characterized by three related properties 2 :
1. Fractionalization of symmetries, that is, emergent excitations which carry statistics or quantum numbers which are fractions of those of the constituents.
2. Topology-dependent groundstate degeneracy; this is a consequence of property 1, since the groundstates must represent the algebra of flux insertion operators associated with adiabatic braiding of quasiparticleantiquasiparticle pairs.
3. Long-range entanglement, which may be quantified [7, 8] by the topological entanglement entropy γ, a universal piece of the von Neumann entropy of the reduced density of region A of surface area (A) in the groundstate: S(A) = (A)Λ − γ (where Λ is nonuniversal). For abelian states, γ is the logarithm of the number of torus groundstates, and vanishes for states with shortranged entangled states [9] .
Topological order is interesting and difficult. Recently, a simpler question has been fruitfully addressed: "What are possible (gapped) phases that don't break symmetries and don't have topological order?" (For a nice review, see the second part of [10] .) In this paper we will use the spatialtopology-independence of the groundstate degeneracy as our criterion for short-range entanglement (SRE). The E 8 state in 2+1 dimensions [11] [12] [13] [14] is a known exception to this characterization.
A way to characterize such nearly-trivial states is to study them on a space with boundary. A gapped state of matter in d + 1 dimensions with short-range entanglement can be (at least partially) characterized (within some symmetry class of Hamiltonians) by (properties of) its edge states (i.e. what happens at an interface with the vacuum, or with another SRE state). The idea is simple: if we cannot adiabatically deform the Hamiltonian in time from one state to another, we must also not be able to deform the Hamiltonian in space from one state to another, without something interesting happening in between. The SRE assumption is playing an important role here: we are assuming that the bulk state has short-ranged correlations, so that changes we might make at the surface cannot have effects deep in the bulk.
A useful refinement of this definition incorporates symmetries of the Hamiltonian: An symmetry-protected topological (SPT) state, protected by a symmetry group G, is a SRE, gapped state, which is not adiabatically connected to a product state by local Hamiltonians preserving G. Prominent examples include free fermion topological insulators in 3+1d, protected by U (1) and Z T 2 , which have an odd number of Dirac cones on the surface. Free fermion topological insulators have been classified [15, 16] . Interactions affect the connectivity of the phase diagram in both directions: there are states which are adiabatically connected only through interacting Hamiltonians [17] , and there are states which only exist with interactions, including all SPT states of bosons [18] [19] [20] [21] .
A simplifying property is that the set of SPT states (protected by a given symmetry group G) forms a group. The addition law is tensor product of Hilbert spaces, and addition of all interaction terms allowed by G. The inverse operation is simply addition of the mirror image. We emphasize that with topological order, destroying the edge states does not modify the nontrivial physics (e.g. fractional charges) in the bulk: states with topological order do not form a group. A conjecture for the identity of this group (in d space dimensions, for given G) is the group cohomology group H d+1 (G, U (1)) [22] . Exceptions to this conjecture have been found [19, 20, 23, 24] and are understood by [12] . For our present purposes, we do not need to know how to classify these states. The existence of this group struture has the following implication [19, 20, [23] [24] [25] , which we may pursue by examples. Suppose that the edge theory (e.g.
with vacuum) of a (D + 1)-dimensional SPT G state were realized otherwisethat is, intrinsically in D dimensions, with a local Hamiltonian respecting G. Then we could paint the conjugate local theory on the surface of a (D + 1)-dimensional space hosting the SPT state without changing anything about the bulk. By allowed (G-preserving, local) deformations of the surface Hamiltonian, we could then completely destroy the edge states. But this contradicts the claim that we could characterize the (D+1)-dimensional SPT state by its edge theory. We conclude that the edge theories of SPT G states cannot be regularized intrinsically in D dims, while preserving G. We will refer to them as "surface-only models". More generally, we can consider the interface between pairs of SRE states; the edge theory for interface between any pair of SPT states is also a surface-only theory.
The Nielsen-Ninomiya result is implied by this logic. Consider free massive (relativistic, for convenience) fermions in 4+1 dimensions:
The two signs of m label distinct phases. One proof of this arises by coupling to an external gauge field via the fermion number cur-
The effective action involves a quantized topological term:
The domain wall between the two phases hosts an exponentially localized chiral fermion field [26, 27] , a fact which has been useful for lattice simulations [27, 28] . A more famous D = 3 + 1 analog begins with a massive fermion in 3+1 dimensions:
If we demand time-reversal (T ) invariance,m = 0, and ±m label distinct SPT states protected by Z T 2 . Coupling to an external gauge field
produces a quantized magnetoelectric effect with θ = 0, π [29] . The domain wall hosts a single Dirac cone in 2+1d. (We must emphasize that in both the above examples the protecting symmetry which distinguishes these states from the trivial insulator includes charge conservation.) This suggests the following strategy for generalizing these results away from free fermions. Study a simple (unitary) gapped or topological field theory in 4+1 dimensions without topological order, with symmetry G. Consider the model on the disk with some boundary conditions. The resulting edge theory is a "surface-only theory with respect to G" -it cannot be regulated by a local 3 + 1-dim'l model while preserving G.
What does it mean to be a surface-only state? Such a model is perfectly consistent and unitary; it can be realized at the edge of some gapped bulk theory. However, it cannot be regularized in a local way consistent with the symmetries in absence of the bulk.
It (probably) means these QFTs will not be found as lowenergy EFTs of solids or in cold atom lattice simulations. Why 'probably'? This perspective does not rule out emergent ("accidental") symmetries, not explicitly preserved in the UV. An example of a SPT-forbidden symmetry emerging in the IR occurs in critical Heisenberg spin chains, where the spin symmetry is enhanced to an O(4) which rotates the spin order into the valence bond solid order.
It also does not rule out symmetric UV completions that include gravity, or decoupling limits of gravity/string theory. (UV completions of gravity have their own complications!) String theory strongly suggests the existence of Lorentz-invariant states of gravity with chiral fermions and lots of supersymmetry (the E 8 × E 8 heterotic string, chiral matter on D-brane intersections, self-dual tensor fields...) some of which can be decoupled from gravity.
A SIMPLE FAMILY OF TOPOLOGICAL FIELD THEORIES IN 4+1 DIMENSIONS
Here we will study simple field theories in 4+1 dimensions, whose path integral is gaussian. We follow an analog of the K-matrix approach used in [13] to study 2+1 dimensional SPT states.
Specifically, consider 2N B 2-form potentials B I M N , in 4+1 dimensions, with action
M, N = 0..4 is a 4+1 dimensional spacetime index, I, J = 1..2N B , and Σ is a smooth 4-manifold (sometimes with boundary). In 4 + 1 dims, K is a skew-symmetric integer 2N B × 2N B matrix. This basic difference from 2+1 dimensional CS theory (where the K-matrix is symmetric) arises from the fact that the wedge product of two-forms is symmetric, and hence
, and thus the symmetric part of K produces a total derivative. The action is independent of a choice of metric on R × Σ 2p . Just as one may add an irrelevant Maxwell term to CS gauge theory, these models may be considered as the g → ∞ limit of the non-topological models with ('topologically massive' [30] ) propagating two-forms with action
the mass scale M determines the energy gap. These models have a long history, including [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . The canonical quantization of closely-related models was discussed in [35, 36] . (The difference from the models we study comes from issues related to the compactness of the gauge group, as in (4) below. This includes the quantization of the level and the resulting conclusion about the finiteness of the dimension of the Hilbert space.) The linking number of (homologically-trivial) pairs of surfaces was constructed as an observable of this theory in [36, 37] .
Moore [42] refers to these models as both trivial and difficult. They are trivial in that the path integral is gaussian, and difficult in the sense that there are lots of subtleties in defining what's being integrated over. We will not highlight all these subtleties, but we will endeavor to not be wrong 3 . Moore and collaborators [42] have studied such generalizations of CS theory and their edge states with great care. In particular, the paper [40] constructs the partition function for the theory we study below and relates it to a piece of the N = 4 super YangMills partition function.
This relation arises because these models are realized as a 'topological sector' of type IIB strings on AdS 5 ×X 5 [38] ; the simplest case with two 2-forms arises for X 5 = S 5 , where the forms may be identified as B 1 ≡ B N SN S , B 2 ≡ C RR which couple to fundamental strings and D1-branes respectively; the CS term (1) arises from
and allows for the ending of N F-strings holographically dual to the baryon vertex of N = 4 SYM [44, 45] . S-duality of IIB string theory acts by interchanging the two-forms. This symmetry of (1) will play a crucial role below. We focus on the Abelian case. The action S is invariant under the gauge redundancies
where λ I are one-forms. We will impose large gauge equivalences:
where
is the 2nd Betti number of Σ. In the case of 2+1 CS gauge theory of R × Σ 2 , the analogous identification arises naturally from large gauge transformations [33, 34] 
3 This paper [43] gives a readable description of the dangers here. We can go a long way toward avoiding running afoul of the subtleties which are resolved by formulating the model in terms of differential cohomology if we only consider manifolds whose homology has no torsion. Even with this restriction we can say something interesting. More subtle distinctions between 4+1d phases that only arise on manifolds with torsion in their homology will have to wait for future work.
where ω α form a basis of H 1 (Σ 2 , Z), and x 0 is a base point. In the 4+1 dimensional case, we don't know what a groupvalued one-form is, but retain the natural identification (4). (A mathematical formalism which produces this identification in a 'natural' way is described in [43] .) This identification was not imposed in the otherwise-identical models studied in [35] .
This class of models has been used [39, 40, 42, [46] [47] [48] [49] [50] to 'holographically' define the partition function of the edge theory. (These papers focus mainly on the case of bulk spacetime dimension D = 4 + 3: 1+1d chiral CFTs, conformal blocks of the 5+1d (2,0) theory.) In this paper, we are using this same relation to a different end.
Finally, we note that the simplest model (1) with one pair of two-forms is equivalent to a Z k 2-form gauge theory [48, 51] . The case we will be most interested in, with k = 1, can therefore be regarded as a kind of 'Z 1 gauge theory', which nevertheless has a something to teach us.
BULK PHYSICS
When is this an EFT for an SPT state?
For this subsection we suppose that ∂Σ is empty. We wish to ascertain the size of the Hilbert space, and its dependence on the topology of Σ. Thinking of this as the EFT for some 4+1 dimensional gapped state of matter, at energies below the gap, this number is the groundstate degeneracy (up to e −(system size)·gap finite-size effects). If this degeneracy is dependent on the topology of Σ, then this state has topological order in the bulk [5] . A closely related calculation appears in section 6 of [43] , in the case of a theory of p-forms in 2p + 1 dimensions, for the case of odd p.
Many aspects of the problem are analogous to the case of 2+1 dimensional CS 1-form gauge theory. The kinetic term in (2) is analogous to the Maxwell term, and g has units of energy. With g < ∞ in (2), there are excited states of energy E ∝ g, analogous to higher Landau levels. As in 2+1d, this is an example of an inclusion of metric dependence which does not change the nature of the phase. We will focus on the limit g → ∞.
And as in the 2+1d case, the identification (4) means that the gauge-inequivalent operators are labelled by cohomology classes, here [ω α ] ∈ H 2 (Σ, Z):
where the identification on B implies m I ∈ Z. These operators satisfy a Heisenberg algebra:
This kind of algebra is familiar from the quantum Hall effect, and from 2+1 dimensional CS theory. Its only irreducible representation is the Hilbert space of a particle on a 'fuzzy torus.' of dimension 2N B b 2 (Σ). The number of states depends on the intersection form on the second homology of Σ:
This is a b 2 (Σ) × b 2 (Σ) symmetric matrix, which has various properties guaranteed by the theory of 4-manifold topology [52] . For a smooth, compact, oriented, simply-connected 4-manifold, it is unimodular (i.e. has | det I| = 1). It is even if Σ is a spin manifold (i.e. it admits spinor fields, i.e. its first Steiffel-Whitney class vanishes). Its signature is not definite.
Consider the simplest nontrivial case where b 2 (Σ) = 1, which case I is a 1 × 1 matrix. The simplest example is Σ = P 2 where I = 1 [52] .
We may arrive at the same conclusion by expanding the action in a basis of cohomology representatives:
IαḃJβ which describes a particle in b 2 (Σ) dimensions with a magnetic field in each pair of dimensions of strength k.
First we further assume that there is just one pair of Bfields, N B = 1 and (WLOG by a GL(N B , Z) rotation) we take K = kiσ y . Then the hilbert space is that of a particle on a periodic 1d lattice with k sites:
Here F I ≡ F I (1). (Note that F k I = 1.) Now keep this simplest Σ but take more pairs of B-fields. We can skew-diagonalize the K-matrix, so that we find N B copies of the previous discussion, with various k, which are the skew-eigenvalues of K: By GL(2b 2 N B , Z) rotations, we can choose a basis to diagonalize I ⊗ K. Since I is symmetric, this matrix is still skewsymmetric. If we call its skew-eigenvalues λ A , and the number of groundstates is
The conclusion from this discussion is that if I ⊗ K has any skew-eigenvalues which are larger than one, the system has bulk topological order: a topology-dependent groundstate degeneracy.
This is a model of bosons
We observe that if Σ is a spin manifold, then we may take the entries in K to be half-integer, while preserving the consistency of the theory (in particular, the fact that the number of groundstates is an integer). A choice of spin structure was not required for the calculation we did here, but would be for other observables. Such models would provide low-energy effective theories for fermionic models, analogous to odd k CS gauge theories in two dimensions, as is familiar from the integer quantum Hall effect and was studied in great detail by [49] .
The preceding statements provide low-energy evidence that the models (1) for integer K can arise as the low-energy EFT for models of bosons. High-energy evidence for this claim comes from [53] , which constructs a local bosonic lattice model which produces this EFT at low energies.
SURFACE STATES 2+1d case with boundary
Here we briefly review some relevant properties of 2+1d CS gauge theory on a spacetime of the form R × Σ with a spatial boundary, ∂Σ [5, 33, 34, 48, 49] . We will further assume for convenience that H p (Σ, ∂Σ) = δ 0,p -the topology (specifically, the relative cohomology) of the bulk is trivial.
The gauge group consists only of gauge transformations which go to the identity at the boundary. Transformations which act nontrivially do not leave the CS action invariant; if we wished to mod out by them we would need to add degrees of freedom to cancel this variation, and would arrive at the same description. The CS equation of motion for A 0 is a constraint which imposes 0 = F which means that
which we can choose to vanish in the bulk. In the abelian case we can take A = dφ, with φ φ + 2π compact. We arrive at a theory of compact free bosons.
The Hilbert space of edge states is specified universally by the bulk -the CS action evaluated on (5) 
However, the Hamiltonian governing these bosons comes entirely from the choice of boundary conditions, since the bulk action is linear in time derivatives. The non-universal velocity of the chiral edge modes is not encoded in the ChernSimons action; this is natural from the quantum Hall point of view, where this velocity is determined by the slope of the potential confining the Hall droplet. The non-universal velocity term arises if we choose the 'boosted' boundary con- (∂ t + v∂ x ) φ∂ x φ, which shows that the edge boson is chiral; the sign of v is correlated with the sign of k in order that the energy be bounded below. Alternatively, and more covariantly, we may use units with v = 1 and impose A− A| ∂Σ = 0 [42] . We may neglect the possibility of a matrix of velocities if we include a coupling to disorder [54, 55] , which we should unless we are interested in SPT states protected by translation invariance.
4+1d abelian two-form gauge theory with boundary As in the previous discussion, we consider the bulk spacetime to be R × Σ 4 with nontrivial boundary ∂Σ 4 , and trivial topology in the bulk. The gauge transformations must act trivially at the boundary.
We will focus on the simplest case where K = kiσ 2 . Consider
A convenient boundary condition (imposed by free variation of (6) with the boundary terms indicated) is:
The path integral over B produces a delta function forcing C to be flat [48] :
This is ordinary Maxwell theory. We know how to regularize this theory with a local lattice boson model 4 We infer from the logic described above that we are forced to break some symmetry of (1) in order to realize its edge states in a local way. What symmetry must we break in writing such a local model?
We answer this burning question in the next section, after which we comment on more general boundary conditions. The general abelian case produces a collection of copies of Maxwell theory. This can be seen by block-diagonalizing K by a GL (2N B , Z) rotation.
SYMMETRIES
CS gauge theories in 2+1d have bulk 'topological' conserved currents. When these theories arise from quantum Hall states, some linear combination of these currents can be interpreted as electron number:
J is conserved when A is single-valued. In 4+1d, the analog is pairs of string currents
We can use these symmetries to demonstrate that different K label nontrivial, different states. In D = 2 + 1 CS theory, we can couple the particle currents J I ≡ dA I to external 1-form potentials, A I :
This term in the effective action demonstrates a quantized Hall response; in the absence of topological order (det k = 1), σ xy h e 2 is an integer. This is one way to distinguish the integer quantum Hall state from a trivial insulator. In the 2+1d case, the thermal Hall response ∝ c L − c R makes this distinction even in the absence of charge conservation.
The analogous stratagem in D = 4 + 1 is to couple the string currents J I = dB I to external 2-form potentials, B I :
4 For example,
∆p ≡ {p-simplices}. s(v) ≡ {edges incident on v (oriented ingoing)} and [bp, np] = i is a number-phase representation; bp ≡ bp +2π, np ∈ Z.
This term exhibits a quantized 'string Hall' response to external 3-form field strengths, which again is an integer in the absence of topological order, PfaffK = 1). This response distinguishes this state from the completely trivial state of bosons in 4+1 dimensions.
• Translation invariance is a red herring. In fact, breaking translation invariance with static disorder helps to produce a uniform speed of light in the edge theory. Indeed, the lattice model [53] should have the same edge states.
• Stringy symmetries:
This is ordinary charge, of course it has to be conserved.
. This is preserved in pure U(1) lattice gauge theory.
• T P: t → −t,
C → C as two-forms. Acts in the usual way on the EM field as (E, B) → (E, −B).
• Electric-magnetic Duality:
The global symmetry which interchanges B and C is a manifest symmetry of the bulk theory. It acts on the boundary gauge field as electromagnetic duality ( E, B) → ( B, − E).
• Just as in string theory and gauge theory [56] , the Z 2 EM transformation just described is a subgroup of a classical SL ( S is the EM duality transformation above, and T adds a boundary term R×∂Σ k 4π C ∧ C; this shifts the θ angle of the surface gauge theory by 2π.
This EM duality symmetry is effectively unbreakable in the 4+1d CS theory. Even with arbitrary boundary conditions, breaking Lorentz invariance, the scaling freedom in the relationship between B, C and a,ã, and in the duality map itself always allow a symmetry operation exchanging a andã. The general boundary condition is of the form
Of the three real coefficients c i , one may be absorbed in the speed of light, a second may be absorbed in the relationship between C and the Maxwell potential a, and the third may be absorbed in the duality map, (B, C) → (λC, λ −1 B) 5 . The only way to break the manifest EM duality symmetry of the bulk is to add charged matter, in the form of strings which end at the boundary. Any matter we add has a definite charge vector (q e , q m ). Even if the matter comes in dual pairs, condensing matter with a definite charge vector will gap out the boundary photon (and the matter with the dual charge vector).
Charged matter in the surface Maxwell theory arises from strings which are minimally coupled to the bulk 2-forms and terminate at the boundary. The precise spectrum of matter is information additional to the low-energy bulk action we have described; it is specified in a lattice UV completion [53] .
We conclude that it is not possible to regularize Maxwell theory in a way which retains manifest electromagnetic duality symmetry. This is consistent with the existence of U(1) lattice gauge theory, and its UV completions in terms of lattice models with local Hilbert spaces [11, 57] , in which EM duality is not manifest on the lattice. Of course, we still do expect this symmetry to emerge in the IR limit of these models. There are many generalizations of the kind of nearly-trivial bulk theory we have studied above. Consider the following 6+1d Chern-Simons theory
For k = 1, there is no topological order, and the model is completely trivial in the bulk. To study the edge states, we examine solutions of the bulk equations of motion C (3) = dc (2) , with the boundary condition: C 0ij = v( 6 C) ij . The resulting action is
c is a self-dual 2-form potential in 5+1d. In this case (as in the 2+1d CS theory and the integer QHE), no symmetry is required to protect the edge states. We conclude that this model cannot be regularized intrinsically in 5+1 dimensions. This model describes the 'topological sector' of the A 0 (2,0) superconformal theory in 6d [38, 39, 50] -the worldvolume theory of an M5-brane in M-theory. The conjecture that these exotic QFTs can be consistently decoupled from gravity underlies much recent progress in string theory (e.g. [58] and references thereto). In particular, by compactification, its existence makes various deep 4d QFT dualities manifest. This model reduces to the simple model without fermions or scalars when the partition function preserves enough supersymmetry [39] . We conclude that the (2, 0) theory cannot be regularized preserving a sufficient amount of supersymmetry to allow this. It is possible that further inquiry in this direction can provide guidance for better definitions of string theory.
Would-be gauge anomalies and surface-only models Many surface-only obstructions, including the NielsenNinomiya examples, are directly related to anomalies in the protecting symmetry: They would be gauge anomalies if we tried to gauge the protecting symmetry. This property has been used to identify nontrivial SPT states in [59] .
We described an obstruction to regularizing a self-dual 2-form theory in D = 5 + 1; this, too, can be understood in terms of a known anomaly. Just as for chiral CFTs (the chiral boson theory is a theory of a self-dual 1-form field strength), a gravitational anomaly was relevant here. In 1+1 dimensions, the chiral central charge c L − c R , which determines the magnitude of the thermal Hall effect, measures an anomaly that obstructs coupling the theory to gravity. A similar gravitational anomaly arises for the 6d self-dual tensor theory [60] .
Are all of surface-only obstructions to realizing a symmetric regulator merely anomalies we would find should we try to gauge the symmetry? Thinking of anomalies as 'symmetries broken by any regulator' the answer would seem to be 'yes' [25] . It is true that the NN theorem can be interpreted as the statement that no chirally-symmetric regulator can produce the correct chiral anomaly in a background gauge field coupled to the vector current.
It is not clear, however, whether our present notion of 'anomaly' is general enough to make this the correct answer. Here is some evidence that there can be obstructions more general than obstructions to gauging symmetries: 2. From our discussion above, we can conclude that it is impossible to gauge electromagnetic duality in Maxwell theory. Previous literature suggesting that it is impossible to gauge EM duality includes [61] [62] [63] .
(In other models in other dimensions, it is possible to gauge analogs of EM duality [64] .) We do not know how to describe this phenomenon in terms of a known Z 2 anomaly. We note, however, that a model which resulted from identifying configurations related by the S transformation could not be CPT invariant, since CPT in 4k spacetime dimensions relates helicity ±1 states.
We observe (following [48] ) that the model we get on the surface is exactly in the form given by [56] . We are forced to conclude that the manifestly EMduality-invariant (but not manifestly Lorentz-invariant) model described in [56] cannot be regularized. (Note that Lorentz invariance is not the protecting symmetry: breaking Lorentz-invariance in the bulk of the 5d CS theory has no effect on the surface states.)
3. Finally, it would be very interesting to find obstructions to supersymmetry-preserving regulators. Gauging supersymmetry leads to supergravity. Consistency of quantum supergravity is much harder to verify than the absence of quantum violations of the current.
